Introduction
Quasicrystals in Mg-Zn-RE (rare earth) alloys have attracted great interest because this system requires no Al, which otherwise is the main element in the classical icosahedral phases. Several crystalline approximant phases are found in the Mg-Zn-RE systems. Among these approximants, the m 3 , m 5 and m 7 -MgZnRE all have the same hexagonal space group P6 3 /mmc, almost the same c parameter ($8.6 Å ), while the a parameters are 14.6, 23.5 and 33.6 Å respectively, i.e. with ratios 3 : 5 : 7. The crystal structures of m 3 and m 7 have been solved by X-ray diffraction [1] [2] [3] , while a structure model for m 5 was proposed on the basis of the structures of the m 3 and m 7 phases [4] . These three hexagonal phases have very similar columnar clusters in the projected atomic arrangements along the [001] direction [4] .
The above is from a real space point of view. In reciprocal space, quite reasonable structure models can be obtained using the strong reflections approach [5] [6] [7] . In this paper, we compare the reciprocal lattices of m 3 , m 5 and m 7 and find out the common features in reciprocal space, and show how these can be used to reconstruct structure models of an approximant from a related one.
Relating the reciprocal lattices of m 3 , m 5 and m 7
The m 3 , m 5 and m 7 in the Mg-Zn-RE alloy systems all have the P6 3 /mmc space group (m 3 : a ¼ 14.6 Å , c ¼ 8.6 Å ; m 5 : a ¼ 23.5 Å , c ¼ 8.6 Å ; m 7 : a ¼ 33.6 Å , c ¼ 8.9 Å ). In spite of these different unit cell sizes, their diffraction patterns are strikingly similar (see figure 1 in [4] 
The reciprocal lattices of m 3 and m 7 are related by a matrix A through
The pairs of strong reflections between m 3 and m 7 are selected and their indices are used to determine the matrix A, using the curve fitting program LAB Fit [8] . The matrix A is
In a similar way, the reciprocal lattices of m 5 and m 7 are related by a matrix B through The structure factors of m 3 , m 5 and m 7 were calculated to 1.2 Å resolution with the program LAZY [9] from the atomic coordinates in the literature [1, 2, 4] . In total there are 215, 515 and 1049 unique reflections within 1.2 Å resolution for m 3 , m 5 and m 7 , respectively. In order to compare the structure factors, the indices of the corresponding reflections in m 3 and m 5 were calculated from reflections in m 7 using equations (1) (2) (3) (4) . The calculated (h k l) indices for m 3 and m 5 were rounded to nearest integer numbers. The deviations between unrounded and rounded indices are one of the differences of m 7 to m 3 and m 7 to m 5 in reciprocal space. The 30 strongest reflections among the 1049 unique reflections in m 7 are listed in table 1, together with the corresponding reflections in m 3 and m 5 . Also the deviations from the exact reciprocal lattice points of m 3 and m 5 are listed. The structure factor amplitudes are scaled to a maximum of 1000 for each compound. All those strong reflections in table 1 are at almost the predicted positions in reciprocal space. The related reflections are quite strong in all these three phases. However, the most interesting thing is that these reflections from three different structures have exactly the same crystallographic structure factor phases! 4. Reconstructing structures of m 3 , m 5 and m 7 with limited reflections Having noted that it is possible to deduce the amplitudes and phases of the strongest reflections of any of the m-phases from another, we now proceed to see if it is also possible to obtain a good structure model with these data. In m 7 , 279 strongest unique reflections sum up to 75% of the total amplitudes of all 1049 unique reflections. From 75% of the total amplitudes, we expect it should be possible to obtain an accurate structure model. Using only these 279 reflections, a density map was calculated by 3D inverse Fourier transformation using eMap [10] . The 3D map was sampled with 0.1 Å per pixel along the three main axes. The z ¼ 1/4 layer of the calculated map is shown in figure 1c . The density map is clear and has well resolved peaks. It is quite similar with the X-ray model. The atomic positions determined from this density map and those from X-ray diffraction are virtually identical. We found all the atom positions in the density map. The atom positions deviated 0.11 Å on average from the atomic positions in [1] ; the maximum deviation was 0.26 Å . From the 279 strongest reflections of m 7 , we calculated the corresponding reflections in m 5 and m 3 as shown for the 30 strongest reflections in table 1. m 7 has the smallest reciprocal lattice spacing. It is possible that more than one reflection in m 5 and m 7 correspond to one reflection in m 3 . This is evident from the hk0 indices. 140 reflections deviate less than 2.78 Â 10 À2 Å À1 (around 35% of the a m3 * reciprocal axis) from their integer indices in reciprocal space. 108 out of those 140 reflections are unique since often two or more reflections in m 7 correspond to one in m 3 , as mentioned above. They all had exactly the same phases as in m 7 . The 108 unique reflections are the common reflections between m 3 and m 7 with the same distributions of amplitudes and phases. We calculated a density map as described above with the 108 unique reflections. The z ¼ 1/4 layer of the map is shown in figure 1a . All the atomic positions were found in the density map. The positions deviated 0.07 Å on average from atomic positions in the X-ray structure [4] ; the maximum deviation was 0.20 Å . The same procedure was performed to reconstruct m 5 from m 7 . 279 corresponding reflections indices in m 5 were derived from the 279 strongest reflections in m 7 . 273 reflections deviate less than 2.78 Â 10 À2 Å À1 (57% of the a m5 * reciprocal axis, approximately 35% of the a m3 * reciprocal axis) from their integer indices. 268 out of those 273 reflections have the same phases as their corresponding reflections in m 7 . Then these 268 reflections were merged to 224 unique m 5 reflections. A density map was calculated from these 224 reflections. The layer with z ¼ 1/4 of the map is shown in figure 1b . Also here, all the atoms were found in the density map. Their positions deviated 0.12 Å on average from the atomic positions in reference [2] ; the two largest deviations were 0.57 and 0.21 Å . From the above reconstructions of m 3 , m 5 and m 7 structure models, we see that good structure models of a series of approximants can be constructed, once one member in the series is known.
Conclusion
Based on the close similarities in reciprocal space of the approximants m 3 and m 5 with m 7 , structure models of m 3 and m 5 were obtained. This is a general method for solving approximant structures from closely related known structures. 
